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at which point the damping function has reached 0.85 in
value, even if the inner model predicts £/6>0.089. If at y*
=50 the inner model [Eq. (5)] predicts ¢/6<0.089, then all
aspects of the model are exactly as given by Model 2A. If,
however, at y+ =50, Eq (5) predicts £/6<0.089, then the
mixing length in the outer region becomes constant at

£=0.41(1-¢ Y500,/ (7/p) ™

which is the value of £ at y ¥ =50 according to Eq. (5). The
choice of y 7 =50 in Eq. (7) was arbitrary, but the motivating
concept of preserving the fully turbulent (logarithmic) portion
of the velocity profile is supported by available low Reynolds
number velocity profile measurements. 1417

The results of using Model 2B for incompressible turbulent
flow are shown in Fig. 1. Model 2B predicts skin friction coef-
ficients which are slightly higher (6%for Re, =450) for Re, <
850 than those predicted by Model 2A; however, from the
available data a conclusive case cannot be made for the ac-
curacy of either model over the other. For compressible flow,
however, the predictions of Model 2B are dramatically
superior to Model 2A at low Reynolds numbers. A represen-
tative comparison with the skin-friction coefficient
measurements of coles'* for nominal Mach numbers of 4.5
and 2.6 and Korkegi!” for a Mach number of 5.8 is shown in
Fig. 2. The point of divergence between the two models is seen
to translate to larger values of Re, as the Mach number in-
creases.

Velocity profiles are predicted quite well at low Reynolds

numbers by Type 2 models although space limitations do not

permit examples to be presented here. The proposed low
Reynolds number modification makes no discernable dif-
ference to the predicted velocity profiles for incompressible
flows but Model 2B noticeably outperforms model 2A for low
Reynolds number compressible flows.
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Concentrated Vortex on the Nose of an
Inclined Body of Revolution
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Introduction

ERLE' published in 1962 a series of experi-
mental, incompressible surface-flow patterns over both
pointed and blunted bodies of revolution at various in-
cidences. In one of these pictures, there appears a vortex pat-
tern on the leeside front nose (Fig. 1a). The accompanying
sketch (Fig. 1b) made by Werle shows the limiting streamlines
and a clockwise vortex.
Werle did not discuss how, and under what conditions, such

- a vortex would occur. Since then, little additional un-

derstanding of this problem has been developed. Fur-
thermore, it appears that no similar vortex has been reported
in later experiments of surface-flow visualization on similar
configurations, for example, those by Stetson? and by
Zakkay et al.3, among many others. The latter fact has led to
suspicion as to whether the vortex reported by Werle is real,
or is caused merely by unsteadiness of the test condition.

Recently one of us (Hsieh)* carried out experiments of sur-
face-flow visualization for a hemisphere-cylinder by injecting
oil through the model surface at Mach numbers 0.6-1.4 and at
incidence angles of 0-19°. A vortex pattern similar to that
reported by Werle was observed at higher Mach numbers (1-
1.4) and higher incidences (15-19°). Samples are shown in
Figs. 2a and 2b. i

Proposed Mechanism

In this Note, we propose a possible mechanism for the for-
mation of such a nose vortex within the context of the open-
and-closed separation idea. Several years ago, one of us
(Wang)® pointed out that the separation pattern over an
elongated body of revolution (for example, an ellipsoid of
revolution) differs from prior conceptions (Fig. 3a). It ac-
tually changes from a closed separation at low incidence (Fig.
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Fig. 1 a) Werle’s experiment; b) sketch, M=0, «=20°.

Fig.2 Hsieh‘s experiments; aM=1,0=15°,b) M=1.2, « =19°.
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Fig.3 Separation patterns; a) conventional, b) closed at low in-
cidence, ¢) open at high incidence, d) closed at very high incidence.
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Fig.4 Vortex formation on a blunt body.

3b), to an open separation at moderate to high incidence (Fig.
3c¢). At still higher incidence, or for a very blunt body, a
closed separation prevails again (Fig. 3d). By closed or open,
we mean that the separation line does or does not form a
closed curve on the body surface. The idea of an open
separation has been supported by experiments®* and by
calculations. ¢’

In the case of the vortex shown by Werle, we start by con-
sidering the flow involving an open separation at moderate in-
cidence as depicted in Fig. 4a. Then, an increase of incidence
leads to the initiation of a local separation which originates at
the front leeside saddle separation point, S,(Fig. 4b) and ex-
tends laterally away from the plane of symmetry; meanwhile,
the open separation line extends forward. As this process
develops to a certain stage, a vortex pattern can be con-
structed as shown in Fig. 4¢. The reversed flow caused by the

local separation near point S follows the upper path

(1—2—3), whereas the open separation permits the flow to
enter the leeside region along the lower path (3—4—1); thus, a
closed vortex path is formed. Note that the direction of
rotation is opposite to that suggested by Werle (Fig. 1b). If the
incidence is increased further, the separation would become
completely closed, and the isolated vortex would disappear.
Based on this reasoning, the vortex occurs only during the
transition from an open separation to a completely closed
separation.

In the case of the vortex in Hsieh’s experiment, the flow at a
fixed Mach number may start at zero incidence, with a
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Fig.5 Vortex formation on a hemisphere-cylinder.
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Fig.6 Different vortices; a) transverse vortex, b) streamwise vortex,
¢) present.

separation bubble near the junction of the hemisphere and the
cylinder (Fig. 5a). At low incidence, the separation bubble on
the windward surface gradually disappears, whereas that on
the leeward surface moves slightly forward; meanwhile, an
open separation line emerges over the aft-body (Fig. 5b). As
the incidence further increases, the open separation line ex-
tends farther forward. Under this condition, a vortex pattern
again can be constructed (Fig. 5¢). It is expected, but not yet
tested experimentally, that continuing increase of incidence
will lead finally to a completely closed separation (Fig. 5d).
Thus, in this hemisphere-cylinder case, the flow starts
somewhat differently with a separation bubble, but  the
process of the vortex formation goes very much the same way
as in the preceding case.

The resulting vortex presents interesting contrasts with
other familiar ones. Although our discussion on the possible
vortex-formation has been limited to surface-flow behavior, it
seems that some comparisons can be drawn reasonably. For
the transverse vortex in a two-dimensional flow, the vortex
axis is always perpendicular to the freestream and parallel to
the body generator. A typical example is the vortices behind a
cylinder (Fig. 6a, not necessarily circular). For the streamwise
vortex in a three-dimensional flow, the vortex axis is oriented
(or. approximately oriented) along the freestream. Figure 6b
illustrates an example for the flow over an inclined body of
revolution. For the present vortex (Fig. 6¢), the vortex axis is,
at first, normal to the body surface and is convected down-
stream above the body. Both the streamwise vortex and the
present vortex occur only in three-dimensional flow; the
streamwise vortex acquires its vorticity from the transverse
component of flow, prevails under more general conditions,
and extends all along the body (at least for the body in Fig.
6b). The present vortex results from the combined effects of
both longitudinal and transverse components (or meridional
and circumferential components) of a boundary-layer flow; it
occurs only under special circumstances (a narrow range of in-
cidence), and rises from the surface out into the flow
somewhat like a tornado in the atmosphere. It is, of course,
understood that there is a pair of such nose vortices, sym-
metrically situated on two sides of the plane of symmetry,
though we have referred to and sketched only one vortex in
the preceding discussion.

In terms of practical application, we note that one often at-
tempts to measure the flow conditions by placing in-
strumentation on the leeside of the body. In doing this, it is
clear that the measurements must be not influenced by the
presence of such nose vortices.
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Conclusions

The nose vortex observed by Werle and Hsieh is explained
on the basis of separation patterns previously discussed by
Wang. It is counterclockwise rather than clockwise, as im-
plied in Werle’s original sketch. It occurs only during the tran-
sition from an open separation to a completely closed
separation over an inclined body. Because it occurs only un-
der this limited circumstance, such vortex formation easily
can go unnoticed, unless one searches for it. Calculation of
such a nose vortex appears to require a complete Navier-
Stokes approach, and is a task for the future. Note added
during proof: Werle has just sent us two surface-flow pictures
for a nearly-flat blunt-nosed cylinder at « =10° and 15° which
alsoindicates a vortex pattern similar to.those in Figs. 2a and
b.
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Approximate Statistics of
Random Vector Magnitudes

Hamilton Hagar Jr.*
Jet Propulsion Laboratory, Pasadena, Calif.

Introduction

T often is desirable to know, -at least approximately,

the mean and 99% value of the magnitude of a random vec-
tor with independent components. A related case, for exam-
ple, is the computation of the corrective velocity 99%
statistics in interplanetary spacecraft maneuver analyses. In
general, let the random vector be denoted as

X

with magnitude v=Ildl=x?+y?>+2z%)". If x, y, z are
distributed normally, if E(Xx)=E(y)=E(z)=0, and if
E(x?)=E(y?)=E(z?)=0¢?, then v is distributed Maxwellian
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with mean (8/7¢) " and variance (3 —8/7)¢?. If the vector is
a two-vector, say, z=0 in v, then the distribution of v is
Rayleigh, with mean (x/2)"¢ and variance 2 —#/2)0?. A
half-normal distribution results for v= Ix|,. with mean
(2/7) "¢ and variance (1 —2/7)o?. These are special cases of
x distributions with degrees of freedom of 3, 2, 1, respectively
(see, e.g., Refs. 1 and 2). The 99% values can be obtained

directly from tables (e.g., Ref. 3) and for these cases are -

Vg9 = 3.3680, vgg =3.0350, and vy =2.5760, respectively.

The preceding, however, are very special cases, not ap-
plicable, in general, where the variances of x, y, and z are
unequal. Although the case where E(x?)=E(y?)=0?,
E(z?)=s? is known,* and the general case for E(x?)=02,
E(y?)=r?, and E(z?)=s? has been solved,>® generally these
are computationally demanding. The next section presents
simple, rough approximations for the mean and 99% values
for random vectors of up to three independent elements.

Note that, when the elements of ¢ are correlated, the
problem may be reduced to the independent case by an ap-
propriate transformation, w= R{, so that

E(wwT)=RE(00T)RT=RVRT =W @

W is a diagonal matrix whose elements are the eigenvalues (all
real) of the covariance matrix V; the columns of R are the
corresponding eigenvectors. Because V¥ is symmetric,
RT=R !, hence,

w=(wTw) *% = (67R7Rv) ‘/Z:=(17To)"/==v 3)

Development
A workable approach to approximating the mean and 99%
values where x, y, and z have unequal variances can be ob-
tained as functions of the means and 99% values for the
respective individual cases with equal variances. Three forms
for the approximation of both are

a={c;0? + (c;—c;) (r2+57)[(c;—c;) — (ca~c;) Irs} "

C))
6=[0162 + (CZ—CI)I‘Z + (03_02)32]‘/1 )

y=(c) %o + [(e) P =(c))?) r+ [(c3) "~ () *1s
(6)

where «, 3, and vy represent either the mean or 99% value,
o?=E(x?), r’=E(y?), s>*=E(z?), and ¢;, c,, and c; are
coefficients associated with the one-, two-, and three- element
vectors. These coefficients are presented in Table 1. They are
the squares of the mean values and 99% values given in the In-
troduction. Thus, for the cases where 1) a=r=s, 2) o=r,
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Fig. 1 Comparison of values for a.
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